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Abstract—A theory of the macroscopic twist which is a characteristic
feature of the cholesteric liquid crystal phase is proposed. This is based
on the presence of anharmonicity in the forces resisting the relative twist
of neighboring planes of molecules and views the macroscopic twist as the
rotational analog of thermal expansion. On the basis of a simple mode
for the harmonic part of the forces, the temperature dependence of the
peak reflectance wavelength observed by Fergason et al. is well explained.

The dominant feature of the cholesteric liquid crystal phase is the
spontaneous macroscopic twist which exists under a wide range
of suitable conditions. Such a twist explains'-2 many of the optical
properties of this type of mesophase and now appears to be widely
accepted. The source of this twist has not been adequately
explained, although ‘ steric effects ’ are usually considered the
reason. In this paper, we present an alternative, somewhat more
explicit, explanation of the twist which allows the interpretation
of some of the experimental measurements of changes in optieal
reflectivity with temperature. This theory, which regards the
twist as the rotational analog of thermal expansion, is proposed
as one possible explanation of the observed twist.

Proposed Model for the Cholesteric Twist

The average twist between planes in a cholesteric liquid crystal
is in the order of 10 minutes of arc, or less, which seems to be
rather small to be explained by steric hindrance effects. Instead
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we propose here that the macroscopic twist which is observed
via the optical properties is actually an average over much larger
instananeous molecular rotations which occur in the liquid crystal
due to thermal excitation. In other words, there are normal twist
modes which are appreciably excited at the temperatures at which
the mesophase exists. Because of anharmonicity in the forces
opposing twist, the time-average does not vanish and thus a
macroscopic twist results. The molecules are always asymmetric
in cholesteric mesophases, and thus the presence of the odd orders
of anharmonicity necessary to give a non-zero average is likely.
We now consider this theory more quantitatively within the
approximation that the anharmonicity is small and that only the
lowest-order (i.e., cubic) term need be considered. We shall also
show that the same result is obtained from both thermodynamic
and microscopic derivations. The theory presented below is not
intended as an exhaustive treatment of what is necessarily a
complicated problem. Instead, we aim to preserve and exhibit
the important physics of the proposed theory and we thus keep
the analysis simple and therefore somewhat crude.

We define § = 6, as the normal coordinate for rotation of the
molecules in a plane normal to the associated propagation wave-
vector q, which is parallel to the axis of the subsequent macro-
scopic twist and has the value appropriate to the zone boundary
of the virtual crystal in this direction. We take the anharmonic
equation of motion for 6 as

0 +wif — 3462 =0 (1)

where the last term is the cubic anharmonicity term. The de-
coupling of the harmonic part of this equation is, of course, a
consequence of the normal coordinate transformation but, in
general, the anharmonic part will not be decoupled. However,
the normal coordinate 6 is proportional to the nearest-neighbor
relative rotation since q belongs to the zone boundary. Thus the
decoupling we have used in Eq. (1) not only enables complications
which can hide the physics of the problem to be removed, but is
equivalent to the approximation that only nearest-neighbor
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anharmonicity is important—a not altogether unreasonable
assumption.

We note that there is no constant term in Eq. (1), which would
arise from a linear term in the potential. This is because we have
measured the rotation from equilibrium. However, the definition
of this rotation is of some importance since the equilibrium value
of the rotation is not necessarily zero, because of the same lack
of symmetry which allows the cubic anharmonic term to be non-
zero. In the present work, however, we shall take the equilibrium
value of the relative rotation to be zero since an equilibrium
rotation of more than a few degrees will not contribute to the
macroscopic twist and the experimental data suggests that the
pitch of the macroscopic twist does indeed become very long
when the anharmonic effect discussed below becomes small. If
the anharmonicity is small, then a solution to Eq. (1) is
Ad: A%

2w cos 2wol + —— (2)

0 = 6, cos wyet — 10

to lowest order in A. Thus, because of the cubic anharmonicity,
we have a nen-zero time-average

6
®y = ;f; (3)

Now, in a real liquid erystal, 8 is not the only twist coordinate and
the true situation is a superposition of normal mode rotations.
We must therefore give some justification for using such a simple
analysis as that above to approximate the true, complex situation.
The justification arises from the form of the dispersion curves for
the twist modes propagating down the z-direction in the ordered
crystal (Fig. 1), where the macroscopic twist axis in the liquid
crystal is in the z-direction. We see that the density of states in
frequency is high at the zone boundary.®? We expect the short-
range order to be maintained in the liquid erystal, whilst the
medium- and long-range order tends to disappear. Theoretical
studies? have shown that loss of order tends to change the phonon
excitation spectrum but the phonon density of states is not
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Figure 1. Rotational mode dispersion curves for the virtual crystal along
& symmetry direction for near-neighbor forces. The curve wj, represents
the ““ bending ** mode in which the axis of rotation is normal to the propa-
gation direction and wp represents the *‘ twist ’ mode where the rotational
axis is parallel.

modified appreciably in regions where this density is not too small,
Thus, we can expect a high density of ‘‘ twiston ’ states at the
zone-boundary of the virtual crystal along the z-axis. Therefore,
at high enough temperatures so that classical statistics hold, most
of the excited modes will have frequencies in a small frequency
range about w,. We can then expect® Eq. (1) to be a reasonable
approximation for the relative twist of nearest-neighbors if the
dominant anharmonic forces are between close neighbors, which
is reasonable.®
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Thus, Eq. (3) gives the average relative rotation in going from
one plane to the next. If classical statistics hold, then the virial

theorem gives
3208 = kT (4)

where I is proportional to the moment of inertia of the molecule,
and we have

kT
O (%)

This same result (Eq. (5)) can also be obtained from purely
thermodynamic arguments,” using the Boltzmann distribution
function (i.e., again assuming classical statistics hold). The
equation of motion (1) is derived from a potential

V(8) = Vo +1wif?2 —LIA6° = V4 +v(6), (6)

where V, contains the terms which do not depend on 6. The
thermal average value (8) is given by means of the Boltzmann
distribution function as

6>

1 j Be~7 OT 4
where

m
2= [ e~V ORT df
—a

since integrations over the other normal coordinates merely give
a factor unity. If the anharmonic term is small,

T

r Be—v@T 4 Nf e

-

e—1/2 w43 [kT) (0 + 1 IAO‘)dg
The first term vanishes through parity and, since e~1/2d«§="/kT) £ 1,
the limits 7 may be approximately replaced by +«©. Hence

4 IA (2kET\5/2 (3n)i2

—@T g A 2o (L o

[ emorman o~ i () ()
Similarly,

.r e—v@KT df A (2"kT)m

I
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so that
AET
0> ~ 2I w:

which is just Eq. (5).

If the frequency w, is independent of temperature, then we
note from Eq. (5) that {8) increases linearly with temperature
in a way which is fully analogous to the linear dependence on
temperature of thermal expansion—which is due to anharmonicity
in the forces resisting displacements. The pitch, i.e., the length p
over which the twist repeats itself,!.? is

2na  4Analw}

=y~ AT
where a is the mean interplanar distance: Thus the optical wave-
length at which maximum reflectivity occurs is!.2

4dmnalwl

An = PM = T | @

where n is the mean refractive index. We note that Eq. (7)
predicts a 1/7’ temperature dependence for A,, if w, is temperature
independent, although, since A,, is proportional to w§, any tem-
perature dependence of w, can be quite important. We also note
that the experimental values of A,/a are typically in the order of
10%. Taking w?/A ~ 7 as a very rough order-of-magnitude guess

and using Eq. (4), we have

62 ~ 8xn x 10-3
8y ~ 0.35

or about 20° of are, which is a reasonable value. In other words,
the molecules instantaneously twist relative to their neighbors
through angles of the order of 20° of arc and, because of an-
harmonicity, have a residual, average twist of about 10 minutes
of are. Furthermore, 40,/w? ~ 0.1 if w3/A ~ 7, as assumed, and
thus the anharmonic contribution to the equation of motion (1)
does indeed appear to be fairly small and the analysis is internally
congistent in this respect.
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Application to Cholesteryl Nonanoate and Decanoate

At this point, we have a tentative crude theory of the macro-
scopic twist observed in cholesteric liquid crystals which seems
reasonable on physical grounds. However, it is necessary to
consider the theory further and to examine it in the light of other
experimental data in order to give it more credence. In this
section, we show how a simple extension of the theory in a
physically reasonable way allows a good fit to the experimental
data of Fergason et al.®

As we have already mentioned, Eq. (7) predicts a 1/T dependence
for A, if w, and A are temperature-independent. However, except
at the higher temperatures, such a dependence on T' is different
from that shown by Fergason et al.? in, for example, Fig. 3 of ref.
8. We believe the reason for this is due to the fact that w, appears
to the fourth power and is somewhat temperature-dependent
because of the closeness to a transition point, i.e., the smectic-
cholesteric transition point. In Cholesteryl Nonanoate and
Decanoate, the smectic-cholesteric fransition temperatures are?®
73.9°C and 75.8°C respectively with an error in the order of
0.5°C. If we divide the harmonic forces resisting rotation into
(a) short-range and (b) long- and medium-range contributions,
then we expect a fairly constant short-range contribution (since
the short-range order will be more or less preserved), but a longer-
range contribution which changes as the longer-range order de-
creases with increasing temperature.l® Although the theory does
not rely on this assumption, we wish to suggest that the more
‘“ long-range > contribution to w? (the harmonic forces are pro-
portional to w?) is due to the more °‘ long-range " local electric
field due to the dipoles on the molecules. There is no evidence of
ferroelectric behavior in cholesteric liquid crystals and thus the
macroscopic (i.e., average) field, which is proportional to the
macroscopie polarization, is zero. In the more ordered liquid
crystal (i.e., near the transition point) there is, however, a non-
zero long-range contribution to the local electric field, the Lorentz
field, acting on each molecule due to the fact that the molecules
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are ordered on lattice sites. However, as the long- and medium-
range order is lost, the molecules begin to see the average longer-
range contribution to the electric field, which is zero, rather than
the microscopic local field of the ordered limiting case.

Thus, we have a constant short-range contribution to w,* and
a longer-range contribution which falls off to zero as we go to
temperatures further away from (and above) the phase transition
temperature. A common form for such a contribution near a
transition point is?? ~ (7' — T';)~! and thus we write

w§=a(1 +——B——) T >1T,
T-1T,

so that

A, = dmnalo? (1 B )2 (8)

A\ TT-T,
is the predicted temperature dependence, where 7' is in °K and
T > T, We shall ignore dispersion (i.e., the A-dependence of n)
since it has not yet been measured.

In the case of Cholesteryl Nonanoate, there is some excellent
data available® and we find that the experimental results lie on
the curve given by Eq. (8) with

4anal«® .
y = _A_I:cﬂ = 0.3715 microns
T, = 347.25°K (74.25°C)
B =0145°K

The agreement between this theoretical curve and the experimental
data is shown in Fig. 2 and is seen to be good. The fit is tested
more stringently in the upper curve in Fig. 2, where the data
between 74.7 °C and 76 °C is shown on an expanded temperature
scale, and appears to be excellent. We have also fitted the
Cholesteryl Decanoate data of Fergason et al.,® with

y = 0.357 microns
T, = 348.5 °K (75.5°C)
g = 014°K
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and the agreement, shown in Fig. 2, is again good. Other similar
data on other liquid crystals given in ref. (8) are also well fitted
by this expression.
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Figure 2. Theoretical fit to the data of Fergason et al. (ref. 8). The solid
line represents theory (Eq. (8)); A experimental points for C. Nonanoate;
[0 experimental points for C. Decanoate; (O experimental points for
C. Nonanoate plotted on expanded temperaturs scale (at right hand side).

At first sight, the fit involves three adjustable parameters.
However, since the 7', values agree with the experimental values
to within the experimental error,!? the fit essentially requires only
two adjustable parameters. Moreover, one of the other para-
meters (y) is not completely arbitrary since, as we have seen, the
magnitude of 6, which arises from the theory is a very reasonable
one.
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Discussion

We have described a tentative theory for the cholesteric
macroseopic twist which is physically reasonable and, so far, is
consistent with what we know and expect. With a fairly simple,
and again physically reasonable, extension to temperatures near
a phase transition point, we have a good fit to some accurate
experimental data. In the future, it is hoped that further tests
of the proposed theory will be made to show whether it is good,
bad, or indifferent, or to suggest improvements to it.

One further interesting explanation the theory provides is the
reason for the inverse correlation between temperature and
electric-field sensitivity noted earlier by Fergason? for cholesteric
liquid crystals. The theory explains the fact that the most tem-
perature-sensitive mesophases tend to be the least electric-field
sensitive in the following way: The parameter 8 is a measure of
the temperature sensitivity of A,, since it determines the magni-
tude of the most temperature-dependent term in A,, at a given
temperature above the phase transition temperature. However,
B is also a measure of the internal local electric fields since we have
proposed that this temperature-dependent term is the long- and
medium-range contribution to the local field. Thus, A,, is sensitive
to temperature but relatively insensitive to an applied electric
field if B is large, since an external electric field must then com-
pete with high internal fields.

If the theory proposed here should, in fact, turn out to be
substantially correct, then we have the opportunity to separate
out short-range and long-range effects. By carrying out plots like
those of Fergason et al.8 with different external electric fields or
other type of perturbation and analyzing them according to
Eq. (8), it should be possible to determine whether the main
effect is on the long-range or short-range interactions and thereby
facilitate interpretation.

We would also like to comment on one of the more philosophical
implications of the theory. 1t is sometimes implied in the litera-
ture that the macroscopic twist encountered in cholesteric liquid



Downloaded by [Tomsk State University of Control Systems and Radio] at 06:21 17 February 2013

A THEORY OF THE CHOLESTERIC MESOPHASE 325

crystals represents a higher degree of organization than is present
in other types of mesophase. However, the theory proposed here
suggests that, in actual fact, the macroscopic twist is a conse-
quence of a reduction in order. In the smectic phase below T,
for example, a macroscopic twist may exist but, because the
internal local field appreciably reduces the amplitude of the
molecular rotations, the pitch of the twist is so long that it cannot
give rise to optical effects in the visible or near-infrared regions.
It is only when the long- and medium-range order begins to break
down further that the twist can become large enough to give the
striking optical effects which are characteristic of this mesophase.

Finally, we are led to the suggestion that the cholesteric liquid
crystal may be just a nematic liquid erystal with asymmetric
molecules and sufficient anharmonicity and rotational compliance
to give an appreciable macroscopic twist. This suggestion is, of
course, somewhat similar to the earlier view of Friedel.!®
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